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ON THE CALCULATION OF THE COHOMOLOGY OF THE
THIRD FINITE SUBSET SPACE OF SPHERES
SIMON C. F. ROSE
Abstract. In this paper we provide a computation of the mod 2 cohomology
groups of the third finite subset space of the sphere Sn using known results
about the cohomology of the symmetric product of spheres.
1. Introduction
The space of all non-empty finite subsets (of cardinality at most k) of a given
space X , denoted at times expk(X), Subk(X),Fk(X) or X
(k), has been studied
since 1949 [1]. The most celebrated result is in a correction to this initial paper
wherein it is proven [2] that Sub3S
1 ∼= S3. In addition, a result due to E. Shchepin
(proven in [4, 6]) shows that the inclusion S1 ∼= Sub1S
1 →֒ Sub3S
1 ∼= S3 is in fact
the trefoil knot.
More recently (see [7]), the result that Sub3S
1 ∼= S3 has been extended to show
that Subk(S
1) has the homotopy type of an odd dimensional sphere for all k.
In this paper we extend existing knowledge in the other direction—that is, we
begin studying the spaces Sub3S
n for higher values of n.
For the duration of this paper all coefficients will be assumed to be Z/2, and
the following notation will be used. Ck(X) will denote the unordered configuration
space of points, while Symk(X) will denote the k-th symmetric power of X . We
note of course that Sym2(X) is homeomorphic to Sub2(X) for all X .
The main theorem of this paper is the following.
Theorem 1.1. The cohomology ring H∗(Sub3S
n) is given by
Hk(Sub3S
n) =


Z/2 k = 0, 2n+ 1, 2n+ 2, . . . , 3n
Z/2⊕ Z/2 k = n+ 2, . . . , 2n
0 otherwise
with trivial product structure.
2. Proof of Theorem 1.1
We need the following preliminary results, both from the paper [5].
Proposition 2.1. The cohomology groups Hk(Sub2S
n) are given by
Hk(Sub2S
n) =
{
Z/2 k = n, n+ 2, n+ 3, . . . , 2n− 1, 2n
0 otherwise
.
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Moreover, if ek is the generator of H
k(Sub2S
n) (for k = n, n + 2, n + 3, . . . , 2n),
then Sqien = en+i for i = 2, . . . , n.
Proposition 2.2. The cohomology groups Hk(SP 3Sn) are given by
Hk(SP 3Sn) =
{
Z/2 k = n, n+ 2, n+ 3, . . . , 2n− 1, 2n, 2n+ 2, 2n+ 3, . . . , 3n
0 otherwise
.
Moreover, if ek is the generator of H
k(SP 3Sn), then we have the following relations.
en ⌣ en = e2n en ⌣ en ⌣ en = e3n
and, for 2 ≤ i ≤ n,
Sqien = en+i.
All other products and squares are zero.
We now prove our main theorem.
Proof of Theorem 1.1. We begin with the following pushout diagram.
(1) Sn × Sn
α
//
q

SP 3Sn
f

Sub2S
n 

// Sub3S
n
where the map q is simply the quotient map, and the map α takes (x, y) to [x, x, y].
It is easy then to see that this is a pushout as claimed. From this we obtain a
Mayer-Vietoris type sequence
(2) · · · → Hk(Sub3S
n)→ Hk(Sub2S
n)⊕Hk(SP 3Sn)→ Hk(Sn × Sn)→ · · · .
Since for most values of k we have that Hk(Sn × Sn) is zero it follows that
Hk(Sub3S
n) ∼= Hk(Sub2S
n)⊕Hk(SP 3Sn)
for k 6= n, n+ 1, 2n, 2n+ 1 where we have to be somewhat more careful.
The two portions of the exact sequence are then
0→ Hn(Sub3S
n)→ Z/2⊕ Z/2→ Z/2⊕ Z/2→ H
n+1(Sub3S
n)→ 0
and
0→ H2n(Sub3S
n)→ H2n(exp2 S
n)⊕H2n(SP 3Sn)→
→ H2n(Sn × Sn)→ H2n+1(Sub3S
n)→ H2n+1(SP 3Sn)→ 0
We note from [3] that Sub3X is (r + 1)-connected when X is r-connected. Here
this yields that Sub3S
n is n-connected, and so in particular the first sequence shows
that we have Hn(Sub3S
n) and Hn+1(Sub3S
n) both zero.
We next look at the commuting squares
Hn(Sub2S
n) //
Sqn∼=

Hn(Sn × Sn)
Sqn

H2n(Sub2S
n) // H2n(Sn × Sn)
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and
Hn(SP 3Sn) //
Sqn∼=

Hn(Sn × Sn)
Sqn

H2n(SP 3Sn) // H2n(Sn × Sn)
Since the squares act trivially on H∗(Sn × Sn), the composition around the right
must be zero. This can only be true if the maps in dimension 2n are also be zero.
The conclusion then follows.
To determine the product structure, we note that the only non-trivial products
that could occur are from elements αi ∈ H
n+ki(Sub3S
n). However, we note that
if α1 ⌣ α2 6= 0 then f
∗(α1) ⌣ f
∗(α2) = f
∗(α1 ⌣ α2) 6= 0. However, from
Proposition 2.2 we see that this cannot be true. 
3. Further work
Ideally we would like to pursue this argument further to compute the cohomology
of SubkS
n for higher values of k using a similar argument. We note that we always
have an analagous pushout to (1), namely
(3) (Sn)×k
α
//
q

SP k+1Sn

expk S
n 

// expk+1 S
n
where, again q is the quotient map and α(x1, . . . , xk) = [x1, x1, x2, . . . , xk]. How-
ever, the Mayer-Vietoris type sequence of (2) no longer holds, and so we must
replace (3) with
(4) ∆k+1


//
q

SP k+1Sn

expk S
n 

// expk+1 S
n
where ∆k+1 is the so-called fat diagonal in SP k+1(Sn) consisting of all those points
where there is some duplication in coordinates. This has significantly more compli-
cated structure than (Sn)×k, but if this were understood (together with the action
of the Steenrod algebra on its cohomology), then that with the cohomology of the
higher symmetric products SP kSn should suffice to compute that of SubkS
n for
all k.
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